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Abstract—This article examines an optimization method to
solve the forward kinematics problem (FKP) applied to parallel
manipulators. Based on Genetic Algorithms (GA), a non-linear
equation system solving problem is converted into an optimization
one. The majority of truly parallel manipulators can be modeled
by the 6-6 which is an hexapod constituted by a fixed base and
a mobile platform attached to six kinematics chains with linear
(prismatic) actuators located between two ball joints. Parallel
manipulator kinematics are formulated using the explicit Inverse
Kinematics Model (IKM). The position based equation system is
implemented. In order to implement GA, the objective function
is formulated specifically for the FKP using one squared error
performance criteria applied on the leg lengths augmented by
three platform joint distances. The proposed approach imple-
ments an elitist selection process where a new mutation operator
for Real-Coded GA is analyzed. These experiments are the first
to converge towards several exact solutions on a general Gough
platform manipulator with fast convergence.

Index Terms—Parallel robot, Gough platform, spatial parallel
manipulator, forward kinematics, position based model, genetic
algorithms, mutation-based operators, elitist selection, real root
isolation.

I. INTRODUCTION
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Figure 1. The general spatial manipulator as the typical 6-6 hexapod

The truly parallel manipulator is defined as an hexapod

constituted of a fixed base, a mobile plateform where the

end-effector is mounted and six kinematics chains, fig. (1).

The platforms are attached through universal or ball joints,

respectively with 2 or 3 DOFs. Each kinematics chain contains

one 1 DOF prismatic joint.

Ronga, Lazard and Mourrain have proven that the general 6-

6 hexapod FKP has 40 complex solutions using respectively

Gröbner bases, Chern classes of vector bundles and explicit

elimination techniques, [1]–[3]. From en engineering point-

of-view, the significant issue is the one of real solutions

since they correspond to effective manipulator postures. The

number of real solutions is always equal or less than the

number of complex ones. Fast numerical approaches usually

implement Newton’s method, however it is sometimes plagued

by Jacobian inversion problems and numerical instabilities.

Resultant or dialytic elimination might add spurious solutions,

[4]. Homothopy methods are prone to miss some solutions, [4].

In the majority of parallel manipulator cases, the FKP is a diffi-

cult problem, [13]. Therefore, this justifies the implementation

of another method which could find solutions numerically and

rapidly.

The genetic algorithms introduced by Holland have evolved

significantly in order to suit real-world optimization challenges

faced by engineers, [5]. Evolutionary algorithms have been

applied for solving the FKP of simple parallel manipulators.

However, the later is a classical problem of finding all solutions

to a non-linear equation system, whereas GAs solve optimiza-

tion problems. Hence, there exists a difficulty to derive an

optimization problem from a root finding one. In the first,

we are only interested by one maximum in the later, we

calculate all solutions. A real-coded genetic algorithm (RCGA)

was proposed, [7] integrating crossover and mutation operators

inspired by operators used in binary GA. It was reported

that the GA method is more time consuming than Newton-

Raphson’s method. However, it was shown that the domain in

which the GA will converge to a solution is larger allowing

process launch with a more distant initial guess. Recently,

genetic algorithms have succeeded to solve the 3-RRR, [8],

and the SSM Gough platform, [9], [10]. However, in [9], one

binary coded genetic algorithm is implemented to find one

solution of the SSM manipulator. Solving the FKP for the

general Gough platform has never been yet attempted.

In this work, the RCGA uses Wright’s heuristic crossover

operator with different mutation operators, [11]. The Pivot

Mutation operator is introduced. The RCGA uses roulette
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wheel selection combined with the elitist strategy in order to

avoid oscillation during the search. Furthermore, as a first,

the general Gough platform FKP results obtained by the

RCGA are verified with the exact ones obtained from a proven

Gröbner based method implemented on computer algebra [12].

This article is presented as follows: Section I addresses

the issues involved in kinematics modeling of the general

Gough platform and the equation solving problem conversion

to an optimization problem. Section II reviews prominent and

recently proposed real-coded genetic operators and furthermore

gives details of the proposed Pivot Mutation operator along

with other operators used in this study. Section 3 presents the

results obtained on a 6-6 hexapod with 16 real solutions with

conclusion and directions for future work.

II. THE FORWARD KINEMATICS PROBLEM FORMULATION

A. The kinematics of parallel manipulators
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Figure 2. Kinematics model

Any manipulator is characterized by its mechanical con-

figuration parameters and the posture variables. The configu-

ration parameters are thus OAO, the base attachment point

coordinates in O (the base reference frame), and CB|C , the

mobile platform attachment point coordinates in C (the mobile

platform reference frame). The kinematics model variables are

the joint coordinates and end-effector generalized coordinates.

The joint variables are described as li, the prismatic joint

or linear actuator positions. The generalized coordinates are

expressed as
−→

X , the end-effector position and orientation.

The kinematics model is an implicit relation between

the configuration parameters and the posture variables,

F (
−→

X , L,OA|O ,CB|C ) = 0 where L = {l1, . . . , l6}.

This article shall only investigate the forward kinematics

problem (FKP ), Fig. 2. Usually the inverse kinematics prob-

lem is required to model the FKP and is defined as: given the

generalized coordinates of the manipulator end-effector, find

the joint positions.

Accordingly, the forward kinematics problem is defined as:

given the joint positions, find the generalized coordinates of

the manipulator end-effector.

B. Vectorial formulation of the basic kinematics model

Containing as many equations as variables, vectorial formu-

lation constructs an equation system, [14], as a closed vector

cycle between the following points: Ai and Bi, kinematics

chain attachment points, O the fixed base reference frame and

C the mobile platform reference frame. For each kinematics

chain, an implicit function
−→

AiBi = U1(X) can be written

between joint positions Ai and Bi. Each vector
−→

AiBi is

expressed knowing the joint coordinates
−→

li and X giving

function U2(X,
−→

L ). The following equality has to be solved:

U1(X) = U2(X,
−→

L ). The distance between Ai and Bi is set

to Li. Thus, the end-effector position X or C can be derived

by one platform displacement
−→

OC |O and then one platform

general rotation expressed by the rotation matrix R. Vectorial

formulation 2 evolves as a displacement based equation system

using the following relation :

−→

AiBi|O =
−→

OC |O + R
−→

CBi|C −
−→

OAi|O (1)

For each distinct platform point
−→

OBi|O with i = 1, ..., 6,

each kinematics chain can be expressed using the distance

norm constraint, [15]:

L2
i = ||AiBi||

2 (2)

C. The inverse kinematics problem

In 3D space, any rigid boby can be positioned by three

distinct points. Every variable have then the same units and

their range is equivalent leading to same weight. Hence, the

rotation impact is included into the point parameters and made

equivalent to the translation impact. The main disadvantage is

the unknown number exceeding the end-effector DOF number,

[16].

The three platform distinct points are usually selected as the

three joint centers B1, B2, B3. The nine variables are set as :
−→

OBi|O = [xi, yi, zi] for i = 1 . . . 3. To simplify calculations,

one reference frame Rb1 is precisely located on B1. The unit

vectors u1, u2 and u3 represent the new frame axes and are

defined by:

u1 =

−→

CB1CB2|O

||
−→

CB1CB2|O ||
, u2 =

−→

CB1CB3|O

||
−→

CB1CB3|O ||
, u3 = u1 ∧ u2

(3)

Knowing that the platform is supposed infinitely rigid, any

platform point M can be expressed

−→

B1M = aMu1 + bMu2 + cMu3 (4)

where aM , bM , cM are constants in terms of these three points.

Hence, in the case of the IKP , the constants are noted

aBi
, bBi

, cBi
, i = i . . . 6 and can explicitly be deduced from

CBC by solving the following linear system of equations :

−→

B1Bi|Rb1
= aBi

u1 + bBi
u2 + cBi

u3 , i = 1 . . . 6. (5)

Using the relations, equ. (5), the distance constraint equa-

tions l2i = ||
−→

AiBiO||
2

, i = 1 . . . 6 can be expressed Thus, for
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i = 1 . . . 6, the IKP is obtained by isolating the Li actuator

variables in the six following equations:

l2i = (xi − OAix)2 + (yi − OAiy)2 , i = 1 . . . 3 (6)

l2i = ||
−→

Bk |Rb1

−
−→

OAk |Rf
||2 , i = 4 . . . 6 (7)

D. The Forward Kinematics Problem

The IKP expression gives an algebraic system comprising

the first six equations in terms of three point variables :

x1, y1, z1, x2, y2, z2, x3, y3, z3, equation (7). This system con-

tains trigonometric functions which can be handled by the

numerical solvers implemented in GA.

E. The conversion to an optimization problem

GAs being only applicable to optimization problems, the

root finding problem is converted into an optimization problem.

The inverse kinematic model is implemented from which

is derived an objective function, also called fitness function

which is calculated on each FKP estimation representing the

total error on each leg lengths. Let lgi be the leg length of

kinematics chain i which is given as input of the problem. If

we set Hi = l2i coming from equation (7), the fitness function

is set to :
6

∑

i=1

(sqrt(Hi) − lgi)
2 (8)

This last objective function includes the combination of

six individual objectives being the kinematics chain lengths.

Preliminary tests with equ. 8 led to several solutions which

were NOT in correspondence with the exact proven ones.

Hence, this function needed to be augmented by one constraint

set : the platform fixed distances between the three selected

joint points : B1, B2 and B3 distinct points provide for three

functions.

G1 = ||
−→

B2B1C ||
2

− (x2 − x1)
2
+ (y2 − y1)

2
+ (z2 − z1)

2

G2 = ||
−→

B3B1C ||
2

− (x3 − x1)
2
+ (y3 − y1)

2
+ (z3 − z1)

2

G3 = ||
−→

B3B2C ||
2

− (x3 − x2)
2 + (y3 − y2)

2 + (z3 − z2)
2

(9)

Three distances can be calculated using two characteristic

platform vector norms between the B1, B2 distinct points and

the B1, B3 ones. The last value comes from these vector

multiplication.

d1 = ||
−→

B2B1C ||
2

d2 = ||
−→

B3B1C ||
2

d3 = ||
−→

B3B2C ||
2

(10)

Hence, the objective function becomes :

3
∑

i=1

(sqrt(Hi) − lgi)
2 +

3
∑

k=1

(Gi − di)
2 (11)

The resulting objective function includes then the nine

single objectives obtained from the norm of kinematics chain

lengths and platform distance constraints. Each distance objec-

tive results in similar impact on the objective function result,

since the position-based equations allow to keep the same

sensitivity to all objectives.

III. SOLVING WITH GENETIC ALGORITHMS

A. Real Coded Genetic Algorithms

Initial guesses constitute a number of possible solutions,

namely chromosomes, to build a population. The objective

function is evaluated for each chromosome where we imple-

ment genetic operators like selection, crossover and mutation

for producing new solutions, called offsprings, which are

added to the population. The process is repeated until the

algorithm obtains the optimal solution. Careful selection of

parent chromosomes is done using one selection operator.

The optimization procedure of a standard RCGA is shown in

Algorithm 1.

Algorithm 1 Real Coded Genetic Algorithm

Initialize Population

Evaluate fitness

while !termination do

while i < PopulationSize do

1) selection

2) crossover

3) mutation

i + +
end while

Update population

end while

Get the best solution

The computational and optimization power of RCGA has

been demonstrated in several theoretical studies [6], [17], [18].

The major advantages of real-coded GA over standard binary-

coded GA are their precision maintainability, the chromosome

size reduction directly improving computation time and real-

valued encoding giving a close conceptual approximation of

real weight values. The genetic operator choice directly influ-

ences convergence. However, different forms of the genetic

operators i.e. selection, crossover and mutation are needed

according to the GA type and the optimization problem na-

ture. An overview of each implemented genetic operator is

discussed below:

Selection: It ensures that the fittest chromosome qualities

survive over generations. Common selection strategies are

rank [20], roulette wheel, [21] and the elitist one, [19]. In

rank, selection is done according to the individual fitness rank

where the fittest individuals have priority. In roulette wheel,

selection is done according to the wheel which gives priority

to those individuals with greater fitness. However, lesser fit

chromosomes are also chosen as they may contain useful

genetic material. In elitism, some of the fittest individuals

are always retained to insure survival of the best performing

chromosomes.

Crossover: It exchanges genetic material from selected

parents forming either one or multiple offsprings. Common
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operators are flat crossover, [17], simple crossover, [6], [22],

arithmetic crossover, [22], blend crossover, [24], linear breeder

crossover, [25], and Wright’s heuristic crossover. The latter

was implemented since it is leading to superior performance

compared with binary GA, [11].

Mutation: It provides for random diversity in the popula-

tion helping when the GA converges towards a local minima.

The effect of mutation rates, the strength of mutation and

its impact in building better solutions has been studied in

[26]–[28]. Common mutation operators are random uniform

mutation and Michalewicz non-uniform mutation [22], [23].

In uniform mutation, a random number in the range of [a, b]
is added to a selected gene where a and b are the highest and

lowest values in the chromosome, respectively. In non-uniform

mutation, the strength of mutation is decreased as the number

of generations increases.

B. Pivot Mutation

The Pivot Mutation operator selects a pivot point in the

chromosome and all the genes after the selected pivot are

mutated by adding a small real-random numbers, respectively.

For instance, given a chromosome x = (x1, x2, x3, ...xn), the

resulting pivoted chromosome becomes y = (x1, x2, y3, ...yn),
where ,yi = xi + r given that r is a small real random number

in the interval [a, b], where a and b are small negative and

positive real numbers chosen by the user, respectively.

C. Genetic operators implemented in this study

The Wright’s heuristic crossover operator is selected for

its superior performance, [11]. From a pair of parents x1 =
(x1

1, x
1
2, x

1
3, ...x

1
n) and x2 = (x2

1, x
2
2, x

2
3, ...x

2
n), where n is the

number of unknowns, an offspring is produced as follows:

yi = r(x1
i − x2

i ) + x1
i

where r ∈ [0, 1] is a real random number and x1 is the parent

with the best fitness. A new offspring is produced with a new

r value until a chromosome with a a better fitness is created.

The Michalewicz’s uniform mutation operator adds a small

random number [a, b] to a selected gene, where a and b are

the greatest and the least values found in the chromosomes,

respectively. The non-uniform mutation operator is one of the

widely used operators in real-coded GA, [23]. In this method,

from a point xt = (xt
1, x

t
2, x

t
3, ...x

t
n), the muted point xt+1 =

(xt+1

1 , xt+1

2 , xt+1

3 , ...xt+1
n ) is created as follows:

xt+1 =

{

xt
i + ∆(t, xu

i − xt
i), if r ≤ 0.5

xt
i − ∆(t, xu

i − xt
i), otherwise

where t is the current generation number and r is a

uniformly distributed random number in the interval [0, 1].
xl

i and xu
i are the lower and upper bounds of the selected

chromosome, respectively. The function ∆(t, y) given below

takes value in the interval [0, y].

∆(t, y) = y
(

1 − u(1− t
T )

b
)

where u is a uniformly distributed random number in the

interval [0, 1], T is the maximum number of generations and

b is a number which determines the strength of the mutation

operator. This mutation operator performs global search during

the initial search and local search in the later generations.

IV. RESULTS AND ANALYSIS

A. Modeling the hexapod 6-6

In this section, we shall examine one example of the FKP

resolution on a typical 6-6 manipulator configuration which

has been carefully selected with 16 real solutions.

The manipulator configuration includes the manipulator

base coordinates of the joint center positions OAC in the base

reference frame O and the mobile platform coordinates of the

joint center positions CBO in the platform reference frame

C, the minimum bar lengths if applicable. The corresponding

configuration example is shown in the following :

OA1(x) OA1(y) OA1(z) 464.141 389.512 -178.804

OA2(x) OA2(y) OA2(z) 569.471 207.131 -178.791

0A3(x) OA3(y) OA3(z) 529.050 -597.151 -178.741

CB1(x) CB1(y) CB1(z) 68.410 393.588 236.459

CB2(x) CB2(y) CB2(z) 375.094 -137.623 236.456

CB3(x) CB3(y) CB3(z) 306.664 -256.012 236.461

Table I
PARALLEL MANIPULATOR CONFIGURATION TABLE

The joint variables are set respectively to L :=
[1250, 1250, 1250, 1250, 1250, 1250]. For the aforementioned

hexapod parallel manipulator, we have deliberately chosen one

case with sixteen exact results in order to increase difficulty.

B. Algebraic system exact solution

In order to verify the GA method, we revert to an exact

algebraic method which has computed the certified exact

results, [16], which are shown on table II where only the six

first variables are displayed with two exact digits after the point

due to space limitations.

x1 y1 z1 x2 y2 z2

-125.52 -426.75 561.80 -432.55 104.25 561.38
68.70 393.33 1006.99 375.31 -137.92 1006.87
68.52 -616.35 449.06 375.52 -363.77 916.17
-68.19 917.28 821.48 -374.94 430.43 609.06

-68.75 -393.74 -994.30 -375.42 137.47 -994.15
-68.00 -393.74, 637.18 -375.00 137.28 637.03

-126.015 -426.71 -919.06 -432.92 104.35 -918.47
68.08 -616.27 -806.53 374.54 -363.34 -1273.80
-126.88 505.33 916.53 -499.39 366.71 449.34

Table II
FKP ROOT EXACT RESULTS

Table II gives only the exact solutions found with the three

operators.

C. Results obtained using real-coded genetic algorithm

The performance of 3 different combinations of genetic

operators in RCGA is evaluated. In all experiments, the roulette

wheel selection is used in conjunction with the elitist strategy
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method. This ensures that the fittest chromosome is retained

in future generations. Note that if the population size is P ,

then P selections are done in order to make P offsprings for

the new population. The following combinations were used in

order to get the best combination of genetic operators in order

to evaluate the performance of the proposed ’Pivot Mutation’

operator. Note that the respective mutation and crossover rates

were determined in trial experimental runs.

• 1. Hx Non-uniform: The Wright’s heuristic crossover

combined with Michaelwicz’s non-uniform mutation. The

crossover and mutation rate are 0.8 and 0.05, respectively.

• 2. Hx Crossover: In this strategy, the Wright’s heuristic

crossover operator dominates the GA. There is no muta-

tion. The crossover rate is 0.8.

• 3. Hx Pivot: Wright’s heuristic crossover operator is com-

bined with Pivot Mutation. The crossover and mutation

rates are 0.8 and 0.1, respectively.

For the selected 6-6 hexapod FKP , the implemented

objective function is given in equation 8. All experiments

initialize the population with real numbers in the range of

[−700, 700]. The population size of 40 and chromosome size

of 9, representing all variables were used. Fig. 3 shows

the convergence of a typical experimental run for each GA

optimization technique. For each method, a total of 50 exper-

imental runs were done. The results are summarized in table

III. The optimization results for coordinates x1, y1, z1, x2, y2

and z2 with their respective fitness are given in table IV.

Note that the experiments were done on a 2 Giga Hertz

Linux dual core machine and the CPU time is given in

milliseconds. The CPU time was calculated using the number

of clock ticks taken for the GA in converging to a solution.

The CPU executes 29 clock ticks in 1 second (2 Giga-Hz

CPU). Therefore, the time in milliseconds was calculated by

T (ms) = (ClockT icks ∗ (1/29)) ∗ 1000.

Figure 3. A typical experimental run showing the convergence of the three
methods

D. Discussion on model solving

According to table III results, Pivot mutation has outper-

formed other methods with the smallest fitness values and also

No. Generations Fitness CPU Time

Hx Crossover 3000± 0 247206 ± 46864 226.06±4.29
Hx Non-Uniform 3000± 0 5878 ±1638 251.38±0.74

Hx Pivot 2806±147 20.47±9.03 252.66±13.21

Table III
THE MEAN AND 95 PERCENT CONFIDENCE INTERVAL FOR 50

EXPERIMENTAL RUNS

x1 y1 z1 x2 y2 z2 Fitness

Hx Crossover

-65.82 -722 -474.34 -568.01 -613.72 -735.03 155724

Hx Non-Uniform

37.45 393.95 1027.2 411.20 -101.64 1005.62 1313
77.25 -625.32 451.71 276.67 -310.62 944.35 1392
-44.90 934.99 826.51 -392.94 510.87 556.63 941

-146.79 -447.49 529.58 -448.58 91.90 539.57 231.5

Hx Pivot

-125.15 -437.51 552.16 -424.36 97.05 572.55 0.999628
65.5314 400.848 1007.03 365.17 -132.92 1007.46 3.471

62.43 -615.52 448.77 354.80 -352.34 918.99 0.9999
-68.36 918.16 821.64 -378.36 434.43 604.99 0.9999

-66.30 -407.11 -982.29 -366.356 126.21 -1003.56 3.0124
-70.65 -383.52 646.93 -382.85 145.46 629.73 2.0849

-124.57 -435.38 -910.28 -427.11 97.61 -925.52 0.9914
86.35 -620.16 -809.44 435.91 -398.82 - 1264.04 12.20
-133.64 312.21 916.68 -515.18 328.42 433.56 20.53

Table IV
OPTIMAL SOLUTION VALUES FROM THE BEST EXPERIMENTAL RUN FOR

EACH METHOD.

the smallest deviations. For each method, the best solutions are

given in table IV. The smallest fitness values are obtained with

the Hx Pivot operator. Moreover, this method could easily

converge toward more exact real solutions. Note that in the

method where no mutation operator is present (Hx Crossover),

poor convergence is indicated by the large fitness final value.

This method has approached nine certified solutions. It

obtained these results with a certain level of error. The overall

accuracy of the optimization method can vary significantly and

is still an issue which will be addressed in further investigation.

The fitness function value gives an account of the solution

precision and the Hx Pivot algorithm surely outperforms the

other operators. Hence, the Pivot mutation algorithm has shown

its potential to find all solution for the problem and therefore

calls for further research. Paper space limitations have forced

us to leave thorough accuracy analysis and initial guess impact

for further work.

V. CONCLUSION

To solve the difficult FKP , an innovative Genetic Al-

gorithm based method has been examined for the general

spatial 6-6 parallel manipulator. For the first time, the inverse

kinematics equation system using the position-based model

served as a basis for the objective function expression to

write the error sum. Then, the objective function needed to be

augmented with some mobile platform dimension constraints.

The proposed Pivot Mutation operator used in conjunction with

Wright’s heuristic crossover was successful in converging to
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nine solutions confirmed by the exact solutions given by a

proven algebraic method.

In future work, we shall investigate the reduction of the

GA optimization time and improving its accuracy by using

different genetic operators. This work will aim to prepare

implementation of a FKP solver first in a trajectory simulator

and later in a real-time robot controller applied in material

handling. Further works on accuracy and initial guess are

suggested as well.
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